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hermal transport far from equilibrium



= uilibrium

In equilibrium, phonons
follows the Bose-Einsten
distribution function

1

flo)=f(w)= oholksT _

Homogeneous temperature T
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cal equilibrium

0.4 ——— .
Equilibriumi T=Tg
Equilibrium T=2T4
035 ¢ Equilibrium T=3T,
When inhomogeneties appear 03 |
inside the system a global
temperature T is no longer 0.25 |
a good magnitude to describe the = . |
system .
0.15 ¢
01 ¢
If these are not large a local 005y
equilibrium temperature T(x) 0 .
can be defined o

1
fo(m’x):ehm/kBT(x)_l

Inhomogeneous temperature T(x)




Iar from equilibrium

0.4 — T
Equilibrium T=T
Equilibrium T=2T g
035 Equilibrium T=3T
MNon-eguilibrium
. . . 03
Sometimes the excitation of the
distribution function cannot be 0.25 ¢
expressed by a single parameter g o0z
like a local temperature
-
f=fotAf 01 |
0.05
0
0 1 2 3

Which are the equations
that determine the
evolution of the excitation

Af(k,x,t)?




moltzmann Tranport Equation (BTE)

The Boltzmann Transport Equation determines the spatial
and temporal evolution of the distrubution fumction

+v-V = of

61_ col

8

Phonon group velocity 04
035 t
03 +
025 |
x 02}
015 |
Starting from an initial 01 |
condition, the distribution = ===--.
function changes in time 005 |

*=h v/k bTU






moments of the distribution

From phonons f(K,X,t) to moments Ml.(X,t)

3
E(X,t)Zf h(ﬂkf(K,X,t>(d k) Zero order: energy density
2
k
q X, t fhmkv f(K X t)(s ) First order: heat flux

Q X t fh(l)k Vx, V_g:( )f(K,X,t>(2 )3 Second order: flux of the flux
JT

d’k
(27)

n-order moment

Q" (x,t)=[ roo (Vi Vi )f(x,x,t)



hanging to moment equations

n equations for the n modes: ry BTE output

Boltzmann Transport Equation

(1, x,t)
‘ f

Change to moment description

Ml.(x,t):f -k f(K,x,t)

!

n equations for the n moments ry Thermodynamic output

Grad/Chapman-Enskog equations AT (x,t),q(x,t),Q(x,¢t)

The experimental results are almost always the moments:
Temperature, fluxes, etc...




mgment_s needed for the description

Depending on the imposed conditions we may need higher number

of orders to describe the system
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!xtended Irreversible Thermodynamics (EIT)

Temperature Heat Flux
c, T — \ — 4 @@= Zero Order Eq.
X
@14 —11q — — 9 dQ(2 _)\Cclj_z <= First Order Eq.
pR®  —,QR = — 3% dQ(3 —51% <= Second Order Eq.
- (4 (2)
a3Q®  —Q®) = g, dQ 5%
p o (n+1) (n—1) _
OénQ(n) _/JJnQ(n) — /Bn—l—l de _ﬁn deX * n-Order Eq.

Qn/fhn = Tn, g% — 6%/(/Jn»un+1)

Extended Irreversible Thermodynamics (EIT) allows
the description of any nhumber of moments



Erst order: Fourier Law
Taking only the terms to first order we recover the
Fourier Law

<= Zero Order Eq.
. (2) )
a1q = — 55 dSX _)\Cclj_z <= First Order Eq.

3
\I.
|

pR®  —,QR = — B3 d(gf’) —51% <= Second Order Eq.
' (4) (2)

N R L
' y (n+1) (n—1) ]

anQM  —p, QM = 38, deX — 8, deX <= n-Order Eq.

dT
C—=— v (] <= Energy Conservation

a =—)AV T %= Fourier Law




!econd order: Guyer-Krumhansl equation

Taking only the terms to second order we recover
the Guyer-Krumhansl equation

a1q

Q)
a3 Q)

a, QN

<= Zero Order Eq.
<= First Order Eq.

= —61 <@= Second Order Eq.
(2)
—u3QB) = — B4
—pp QM = B¢ ;M) —Bn dQ;l_l) <&~ n-Order Eq.
V d—T — V g = Energy Conservation
dt
2y 72 _ <= Guyer-Krumhansl equation
=—AVT+I"V~q
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ontinued fraction approach

A DE?
I'=1]s+ 2¢2
]' + 1 2252
\ B2
—1+y1+(EIV
A=, 2
1/2(€1)

Alvarez and Jou, APL 90, 83109 (2007)
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mgplication to nanowires
Nonlocalities give an interpretation for the reduction of
effective thermal conductivity at the nanoscale
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mgplication TDTR experiments

~ 10°}

E ﬂ Eﬂ!mi}xi
— ==Comp., A <60 pm ~
g 2 ﬁ ==Comp., A <30 um
"-; 10 .’ ===Comp., A <15 um

— Literature
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O TTR, D=60 um 1 ‘g‘ TTR, D=30 um/
10’ ATTR. D-18 um ) ATTR, D=15 um
10° 0 100 200 300

Temperature (K)

Minnich et al, PRL 107,
095901 (2011)

Temperature (K)

The reduction is due to the
inhomogeneous heating in 12 vz q

combination with the laplacian
term. No boundaries




B Ve mory effects

—(1+imr)+\/(1+im1:)2+(kl)2
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Efective Thermal Conductivity (Wm

Memory also
changes the
effective thermal
conductivity.

Higher
excitation
frequencies give

EffectiveLength (nm)

Alvarez and Jou, JAP 103, 94321 (2008).

smaller thermal
conductivities
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mgplication to TDTR experiments

Experimental evidence of the reduction of the effective
thermal conductivity with excitation frequency
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Ilake Home Ildea

Fourier law can be extended by including
memory and nonlocal effects

The number of terms needed depend on how
far we are from local equilibrium






mhonon hydrodynamic equation

Guyer-Krumhansl equation

1qg+q=—AVT+I(Vq+2V Vq)

Similarities between GK and NS equations
12 VZ g+2V V-g) Actsasa friction term

Navier-Stokes equation

V:—%Vp+(vvzv+%V(V-v))

16



moundaries

GK equation should be combined with the
proper boundary conditions to obtain a solution

Alvarez, Jou and Sellitto, JAP 105, 14317 (2009).
Sellitto, Alvarez and Jou, JAP 107, 114312 (2010).
Alvarez, Jou and Sellitto, J. Heat Transfer 133, 22402 (2011).
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mpecularity

%107 F

For specular boundary:

020;C>w

For diffuse boundary:
o=2>1;,C~>1

Thermal profile and heat flux
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Eoundary effect L>>| | q(r)aa
A
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Eoundary effect L>>|

Fourierlimit = =m = = =

Reduction of the flux
near the surface
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Eoundary effect L~ [ q(r)da
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moundary effect L<<I [ qlr
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mLedictions for nanowires

Thermal conductivity (W/mK)

10% |

10° |

10 |

n
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o
o
a
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n

Mo, —— 37nmNW ]

Exp Theoretical

— |Intrinsic
O — 3mmrod
115nm NW |
— bbnm NW

100
Temperature (K)

Hydrodynamic model allows a description of nanoscale simple
geometries
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ake Home Idea

The hydrodynamic equation gives a simple
picture of the reduction of heat transport

Boundary conditions are key to understand
reduced size samples

In hydrodynamic models the way to
iIncorporate this is through the slip flow
condition



mydrodynamic model I

SEMA SIMAI Springer Series 6

Antonio Sellitto
Vito Antonio Cimmelli
David Jou

Alvarez, Jou and Sellitto, JAP 105, : .
14317 (2009). Mesoscopic Theories

Sellitto, Alvarez and Jou, JAP 107, of Heat Transport in

114312 (2010).
Alvarez, Jou and Sellitto, J. Heat Nanosystems

Transfer 133, 22402 (2011).

leHl @ Springer



xact Solutions of the BTE



mnharmonic effects in collision term

0 of
— 4V — | —=
(at V-V at)w,
(T . Anharmonic processes CT 1
q; q;
q

(g_i;) =If Fafalfa T+ 1 o TG

f is a nonequilibrium function depending on

Boltzmann equation is generally nonlinea 03



melaxation time approximation (RTA)
(g—’;)wl:ﬂ D +P CI)) qlqququ3
= fﬂ—Zcqqf

of

ot

:ff g P qlqquZd% O, #0 O, = d. =

q, qs

—C.f- RTA collision
Diagonal in q Diagonal in q

of _fa—T30
E+V’Vfa_ qfca .

col
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Iailures of RTA

_10* ket e Yame,, RTA prediction
¥ o Koy Exp. data
£ R
'S

%\ Dia”’On ’
S 103 3 dRT,q
=
=
S 40
(-
S
= Sj 561

. m
v . o0
= * 5’-’ .

‘ IreKCM
20 : : . . : : . :
50 100 150 200 250 300 350 400 450 500

Temperature (K)

Materials
where normal
scattering is
important

Samples
where
boundary
scattering is
important
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Lattice thermal conductivity (W/m-K)

10000

1000 |

100 | 1000

Lattice thermal conductivity (W/m-K)

50 100 300

Temperature (K)

10000 X

200 400 600 800 1000

Temperature (K)

Significant improvement for bulk materials Ward et al. PRB 80, 125203 (2009)
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BN rative BTE (IBTE)

Kews  KCM — CSIUCON
- data % | K. teracye BTE ===meee- .
K.py FRTA oooeee E AL CONT A BT oW
= 100 __
I
=
- 5 KINETIC
E = CONTRIBUTION
E [
g E High
E | . ) 10 f roughness i
g / Silicon 56 nm nanowire E [ effects ]
B i — b
5 10 > . . . . . > .
= 50 100 150 200 250 300 350 400 450 500 ! ! ! ! !
1§erature (K) 1077 107 10° 107 107 1073
= hre (M)

Li et al. PRB 85, 195436 (2012)

10
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nearized BTE — Relaxons. R-LBTE

Dyfy=3..Coafs
q fq q’ q,q fq Cepellotti and Marzari , PRX, 6(4), 41013 (2016)

relaxons

speed of sound

phonons

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
|
I
I
I
I
I

10° 10 10° 10° 10 10
Velocity (m/s)

5

In steady state it can be solved

Non-diagonal in k Diagonal ink  hacause D simplifies

28



!biective

Can we find a solution of the BTE that
simplifies the collision term without
complicate in excess the drift term?

29



dinetic Collective Model



Iumr-Krumhansl

@f +v-Vf= or
Ot Ot | Split the collision term in two: R/N
Momentum basis
Diagonalizes Normal scattering
Df=(R+N)f
Dy, Dy 0 |la 0 O 0 0 0 O d
D, D, Dylla,|=||0 Ry Ry+|0 [0 0 ||q,
0 D, Dylla, 0 R, R, |0 0 Ny da,

30



!uy_er-Krumhansl

For a bulk homogeneous system in steady state

Kinetic Regime N,,=0 Collective Regme N ,, =0

_ —1 _
a1:(R11+R12R221 R21) Dyya, alanl D,,a,
(R_l)anaO:a1 D a,=R; a,

Ej:_Kkian a:_KcolvT
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melaxation times
Relaxation times from ab-initio calculations

Relaxation time (ps)

1e+06 :
100000 |}
10000 |
1000
100

10

01 L

11

Normal
Umklapp
Impurity

X

*

Frequency (THz)

10

Scattering Rates
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mLedictions for nanowires

1
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mntrgpic_justification. Kinetic Term

! Kinetic Regime

)
Alscat = T Ay alarize = >
T scat ' qu T
o2
Jq
Kq =
To, 2
9 at
scat

De Tomas et al. JAP 115, 164314 (2014)



mntrgpic_justification. Collective Term

Collective Regime

(b) 2
P
[ v (£ + 1) o da

Stot arife — P

® 2
[ hoqug (2 + 1) ek da

2 [ ®q Ofy
T T Ot

Reoll =

dq

scat

Collective thermal conductivity

2
(f vng “’D dw)

heoll — = 0
3 f ﬁw A gfx’_ D dw

i

De Tomas et al. JAP 115, 164314 (2014)



-:redictions for nanowires

10000

Relaxation time [ps]

1000

100

—
o

KCM captures most o the anharmonic effects through
the proper treatment of Normal Scattering

Frequency [THZz]
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mmdictions for bulk

In a general case . 1
_ T
Zj:_((l_z)Kkin-l-chol VT 1+T:

Remarkable agreement with bulk data

I
|
+
|
/
A

=
Cad
'm

|

|'
Ic!

)
i
P
cI
S
|
II
|
| &
ey
—
=
II
|
|
]
II
|

Thermal Conductivity (W/mK)
|
|
II
"
J
’

E;_u.
é-;:' ’
;

1
*-
oy

—k
]
o

100
Temperature (K)



-:redictions for nanowires

A
\/

The kinetic contribution is Form factor modulates the
reduced by the combination profile of the collective
of the boundary term with contribution
the rest of the collisions
1 1 c t1q+q=—AVT+I’(V°q+2VV q)

==+
ITIL 36



-:redictions for nanowires

Silicon
. . 830nm film

& —
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. L W W S
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Thermal Conductivity (W/mK)

10

100
Temperature (K)

In combination with hydrodynamic model

Good prediction for nanoscale experimental data



-mprovements of KCM

The same simplicity as RTA with improved performance

Iy KCM prediction ——
10 ﬂmﬂnﬂ, RTA prediction ---—
E R Exp. data *
E Dlra .-'“-\_
E 10° } e
-g = i i
'E 40
o
U e .
- . Tl Sl sg,
3 7 T T 1y
E 30 ..J,‘*‘iii*‘*‘ o __t‘rirfﬁtﬂh
5 7o* e
£ Srre— .
H.I'E
* KCm
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50 100 150 200 250 300 350 400 450 500
Temperature (K)



Iverview of KCM results

Thermal conductivity (W/mkK)

10%

104

10¢

10¢

104

Temperature (K)

ECM prediction
- i Exp. data A
E—
D.
3 -
'S TF 830nm
e ——
s TR4200 o yw 115nm
&
Si NW 22nm
r
\ SiNW 56nm
100 300
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ICM package for phonopy

INETIC COLLECTIVE MODEL @cm v USER GUIDE ¥ RESOURCES ¥ NANOTRANSPORT GROUP

Kinetic Collective Model

BTE-based hydrodynamic model for thermal transport

L]
The Kinetic Collective Model (KCM), developed by the nanoTransport group of the http u Ilp hysta- g Ith u b n I 0

Universitat Autdnoma de Barcelona, is a generalization of the Guyer and Krumhansl
solution of the phonon Boltzmann Transport Equation. KCM allows to compute t
conductivity of semiconductors in a fast and low memory way from first principl
calculations.

The KCM:

* Properly accounts for the effect of normal scattering processes.

s Uses first principles calculations.

* Allows fast calculations of thermal conductivity with low memory and time 1

* Defines an hydrodynamic heat flux equation able to be used in finite elemen
simulations for thermal calculations in complex geometries (See the hydrod
equation in THEORY).

COLLECTIVE MODEL Version 1.0

Running calculation of thermal conductivity on a 20x20

Temp[k] Kappa[W/mK] Sigma NL-lenght[nm]

18.0 1971.069 9.011 1012395.247
15.0 3670.769 0.049 512610.045
20.0 4707 .944 0.106 278024.104
25.0 5151.292 9.179 159608.791
30.0 5168.565 B.260 97801.267
40.0 4566.568 B.412 44399.319
50.0 3719.696 8.531 24254 .132
60.0 2902.404 0.620 14696.933
TH.6 2214.747 B.682 9424 . 4608




®omplex Geometries




hermal Grating Experiment

signal (a.u.)

Johnson et al. PRL 110, 025901 (2013)

The decay rate depend on the heating wavector
q=2x/L

In Fourier model the dependance is quadratic
Experimental results show nonquadratic

behaviour

'1 ) - { 7 066
e 0.3} &
5 11 & A5 &
&7 11 "»n ' & 2
* i{ £ o2} O .

050 700 150 200 > * =

time (ns)

100
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hermal Grating in the KCM

/' Nonlocal
S correction due
o to boundary
.'_» y_ effect
ﬁ
VT > —
ﬁ

Nonlocal
correction due
to periodic
heating

V?q(x)
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ermal Grating in the KCM

Y (ns™?)

0.4

0.35

0.3

0.25

0.2

0.15

0.1
0.05

h=400nm, I=190nm

Fourier Kyyik
KCM boundary ———
KCM boundary+grating —

| Jnhnlscn exlperimnlant I-l

3 4 5 6 7
(2m/L)? (um)

The combination
of effects allows
to explain the
experimental
results
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&rmo Reflectance Imaging (TRI)

optical ) lock-in )

N dano- H eate r 30fps images averaging

Lines | ﬂﬂﬂﬂﬂﬂ

ccD video

hFquinatiOn

A. Ziabari et al. (submitted)

pias cu rrent

O Width: 100nm - 10pm Objective: _
Q Length/Width ratio = 40 Obtain the thermal profile
[ Spacing: 0.3, 0.5, and 20pm

L Both InGaAs and Si were studied

O Static and Transient TR imaging
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Eermo Reflectance Imaglng (TR )

o E>‘<perimental‘ 265nm | O
30 o
25 | Heater
< 20 |
= ° o
15
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Positi m
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Eurier modelization of TRI experiment

AT (K)

35

30

25

20

15

10

Nominal value of the thermal conductivity (k=5.5 W/mK)
Underpredict the heater and overpredict the thermometer

I I I

K nominal

O Experimental 265nm
@)

I

o)

l; | |
4 -3 -2 1

0 1 2

Position (um)
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Eurier modelization of TRI experiment

Reducing the conductivity to fit the heater te (k=4.5 W/mK)
We obtain a larger overprediction in the thermometer

35

I I
K fit heater ———
- Experimental 265nm O
30 -

25 -

20 - o) -

AT (K)

15 -

10

O

OOOOOQOOOOOOOOOOOOOO

5

0 |
-4 -3 -2 -1 0 1 2 3 4

Position (um)



Eurier modelization of TRI experiment

Increasing the conductivity to fit the thermometer (k=6.7 W/mK)
We obtain a larger underprediction in the heater

35 I I . I
K fit therm
O Experimental 265nm O

30 - o —

25 —
< 20 | -
~ @)
|_
5 ()]

Position (um)



Eurier modelization of TRI experiment
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There is not a single value for the thermal conductivity
That works in the entire domain for Fourier
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ICM modelization of TRI experiment

KCM allows the prediction of heater and thermometer
with the same values of x and |
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ICM predictions for different lines
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ICM as a boundary

Effective thermal conductivity |q| |
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Near the heater the Far from the heater the

effective thermal bulk thermal
conductivity is reduced conductivity is restored
due to a large value of as nonlocal correction

the nonlocal term IS negligible
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onclusions

EIT allows the treatment of far from equilibrium situations by the inclusion om
nonlocal and memory effects

The number of terms to describe an experiment depend on the complexity of
the nonequilibrium excitation

The hydrodynamic model (second order approach) allows the prediction of a
large number of experimental results at the nanoscale

KCM is a method to treat anharmonicities in the phonon collision term in a
simple way

KCM gives a remarkable agreement with experimental results with a
considerable reduction in the calculation requirements respect other ab initio
approaches

KCM + Hydrodynamic model allows the prediction of complex geometries due
to its simplicity
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